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�/)1  �� ���
�� "*#�
�)"��#

x  ���0!��)

F A �/�
 +�)

λx.E[x] �/��
�"�

%# x ��#��  ��  ���0!��) ��� E[x]  �� ��/
�"�

&+* &�
����� �+ x� �'�� λx.E[x] ��#�� �

"*#(
��"� f � '&+* f(x) = E[x]

.�
(���� �1 λx. x2 − 3x + 2

(λx. x2 − 3x + 2) 8 = 82 − 3 · 8 + 2 = 42
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7���0!���� �!�-��
�� ��� ��" �* �#��
λx. x2 − 3y + 2

(λx. x2 − 3y + 2) (4x + 1)

%#(!+�+ "��  ��� ����(1

∫ π

−π

sin x + cos y

cos x− sin y
dx

%#�����("��"�  ���0!��)�  � ��/
�"�

(λx. x2 − 3y + 2)[y := z + 1]

≡ λx. x2 − 3(z + 1) + 2
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%#�����("��"� 2"*#�����5

%&+/*�) &
+0!� (��#

∫ π

−π

sin x + cos y

cos x− sin y
dx

8�� "� ��" �* �#��  ���0!����9∫ π

−π

sin 42 + cos y

cos 42− sin y
d42

:�  �# &
+��!�� ��" �*"�  ���0!��$#9∫ π

−π

sin x + cos(3x + 1)

cos x− sin(3x + 1)
dx
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;-#��<�1 x ∈ V ��� M,N ∈ Λ

M,N ::= x | (λx.M) | (M N)

;*#�������� "* 0("���

=� �<���
���� &�
�#��"��� �� �
(/+#���

(λx. x) λx. x

> �/�
 +�) ��#�� �
�"��
( &
+"����
�"���)

(. . . ((F M1)M2) . . . Mn) F M1 M2 . . . Mn

> �/��
�"� �����#���� '"+ ��#�� �*#��'#

λx. (M1 M2 . . . Mn) λx. M1 M2 . . . Mn
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.�
����� ���

(x y) x y

(λx. x) λx. x

(λx. (λy. (x y))) λx. λy. x y

(((λx. x) y) (λx. z)) ((λx. x) y) (λx. z)

((λx. (λy. z)) (λx. x)) (λx. λy. z) (λx. x)

(λx. ((λy. y) (λz. x))) λx. (λy. y) (λz. x)
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;��"� ��*�'�����1 M ≡ N
x ≡ y �# x = y

(M N) ≡ (P Q) �# M ≡ P ��� N ≡ Q

(λx.M) ≡ (λy.N) �# x = y ��� M ≡ N

?!�-��
�� ��� ��" �* �#��  ���0!����

M ≡ (λx. y
�

�!�-��
�

x
�

��" �* �#�

) (λy. x
�

�!�-��
�

y
�

��" �* �#�

)
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?!�-��
��  ���0!����

FV(x) = {x }
FV(M N) = FV(M) ∪ FV(N)

FV(λx.M) = FV(M)− {x }

@!��"�+� '
+� 2
���AB CA	D� ) 
�DEF�GC�	�5

I ≡ λx. x

K ≡ λx. λy. x

K∗ ≡ λx. λy. y

S ≡ λx. λy. λz. (x z) (y z)
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%#�����("��"�

x[x := N ] ≡ N

y[x := N ] ≡ y �# y �= x

(P Q)[x := N ] ≡ P [x := N ]Q[x := N ]

(λx. P )[x := N ] ≡ λx. P

(λy. P )[x := N ] ≡ λy. P [x := N ]

�# y �= x� ��� (y �∈ FV(N) ) x �∈ FV(P ))

(λy. P )[x := N ] ≡ λz. P [y := z][x := N ]

�# y �= x� ��� y ∈ FV(N) ��� x ∈ FV(P )�

'&+* z �∈ FV(P ) ∪ FV(N)
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;* 0���� "��"���

M ∼ N ⇒ (M P ) ∼ (N P )

M ∼ N ⇒ (P M) ∼ (P N)

M ∼ N ⇒ (λx.M) ∼ (λx.N)

7����
+&�� →α,→β,→η1 +� �!(��"���

"* 0���� "��"��� &+* &!�
+-# �� &�
��(��

λx.M →α λy.M [x := y] y �∈ FV(M)

(λx.M)N →β M [x := N ]

λx.M x →η M x �∈ FV(M)
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αH ����
+&)

λx.M →α λy.M [x := y] y �∈ FV(M)

.�
����� ���

λx. x →α λy. y

λx. z x →α λy. z y

λx. λy. z x y →α λy. λw. z y w

λx. λz. z x y �→α λy. λz. z y y �����I
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βH ����
+&)

(λx.M)N →β M [x := N ]

.�
����� ���

(λx. z x)w →β z w

(λx. λy. z x y)w →β λy. z w y

(λy. z y (λx. x y))w →β z w (λx. xw)

(λx. λy. z x y) (w y) �→β λy. z (w y) y �����I

(λx. λy. z x y) (w y) →β λt. z (w y) t t #��
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ηH ����
+&)

λx.M x →η M x �∈ FV(M)

.�
����� ���

λx. z x →η z

λy. z x y →η z x

λx. z x x �→η z x �����I
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%#������ ��� �"'����� 2�!��"� + ��� →5
� �#��!�"���' J  ���0����'

= �#��!�"���' J  ���0����' J "*  ��
��'

M � N

M ≡ N0 → N1 → N2 → N3 → N4 → N5 ≡ N

M = N

M ≡ N0 → N1 ← N2 → N3 ← N4 ← N5 ≡ N
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@�#+#��)  +
/)

'
+� N ��
�� β ��� ηH	ABAK

.�
����� ���

x λx. x λf. f (λx. x f)

λz. (λf. λx. f z x ) (λy. y)

L"+�*#� �� ��#+#��$#  +
/$#

%# + '
+� M ∈ Λ ��#�� "� ��#+#��)  +
/) ���

�"�-�� M � N ��� �(&+�+# '
+ N ∈ Λ� �'��

M =α N 4
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;�
������) �#����)�1 &+�+ 	ABAK #� �&�!����

���  ����
+&)I

M1 ≡ λz. (λf. λx. f z x) (λy. y)

→β λz. λx. (λy. y) z x

→β λz. λx. z x →η λz. z

M1 ≡ λz. (λf. λx. f z x) (λy. y)

→β λz. λx. (λy. y) z x

→η λz. (λy. y) z →β λz. z
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@�#+#��+&+�)"� +� '
+�

'
+� M  � M � N ��� N ��#+#��)  +
/)

M&(
�+*# '
+� &+* ��# ��#��

��#+#��+&+�)"� +�I

Ω ≡ (λx. x x) (λx. x x)

→β Ω →β Ω →β . . .

M2 ≡ (λx. x x y) (λx. x x y)

→β M2 y →β M2 y y →β . . .
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L"�*
( ��#+#��+&+�)"� +� '
+�

�(�� ��+!+*���  ����
+&$# ����!)��� "�

��#+#��)  +
/)

M&(
�+*# ��#+#��+&+�)"� +� '
+� &+* ��# ��#��

�"�*
( ��#+#��+&+�)"� +�I
M3 ≡ (λz. y) ((λx. x x) (λx. x x))

→β M3 →β M3 →β . . .

M3 ≡ (λz. y) ((λx. x x) (λx. x x))

→β y
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O"�� M,N1, N2 ∈ Λ

�4�4 M � N1 ��� M � N24

P'�� *&(
��� N ∈ Λ

�4�4 N1 � N ��� N2 � N 4

M

N1

��

N2

��

N
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7+#����'���� ��#+#��$#  +
/$#

�# *&(
�+*# ��� D�B��� =α

��$
� � ��#+#��+&+��"��

%# + '
+� M ���� ��#+#��)  +
/)� �'�� �
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P�!�"�)� "����
+- "� ��+*1 F (Y F ) = Y F

Y ≡ λf. (λx. f (xx)) (λx. f (xx))

Q
�"� �-�� ��� ��# �#�&�
("��"�

�#��
+ ��$# "*#�
�)"��#
F ≡ λf. λn. if n = 0 then 1 else n · f(n− 1)

M ≡ Y F &�
��+#���'

M 2 ≡ Y F 2 = F (Y F ) 2

= if 2 = 0 then 1 else 2 · (Y F )(2− 1)

= 2 · Y F 1 = 2 · F (Y F ) 1 = . . .
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R+����� �� ��

true ≡ λx. λy. x

false ≡ λx. λy. y

not ≡ λz. z false true

if B then N else M ≡ B N M

��$
� �1 not true = false

not true ≡ (λz. z false true) true

→β true false true

≡ (λx. λy. x) false true �β false
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6������� �#� S�-��

〈N,M〉 ≡ λz. z N M

fst ≡ λz. z true

snd ≡ λz. z false

���
) ���

fst 〈N,M〉 = N

snd 〈N,M〉 = M
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T*"��+� �
�� +� 2�
�� +���) �+* ���	
�5
cn ≡ λf. λx. fn(x)

F 0(A) ≡ A

F n+1(A) ≡ F (F n(A))

succ ≡ λn. λf. λx. n f (f x)

A+ ≡ λn. λm. λf. λx. n f (mf x)

A∗ ≡ λn. λm. λf. n (mf)

Aexp ≡ λn. λm.mn
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&
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�  ���" +-4

+� λH'
+� �#��"�+��+-# "� ��/
("��� )

�#�+!��

� �/��
�"� ��� � �/�
 +�) �#��"�+��+-#

"�+# +
�" ' ��� ��# �!)"� "*#�
�)"��# )

�������"�$#

� �������"�� ��� �#����)� �#��"�+����

"��# �&+�� �"� ��/
("��# ) ��# ����!�"�

�#�+!$#4
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�+ &�
�" � ���U �<�� V &
'�* � �&+�� �"�

2
G��HE3HWG��A V AGXA	 AWG��GCF��5 �#��"�+����

"�� "�
������) �&+�� �"�� &+* �#(��� �#�

βH	ABAK  '#+ �# �+ '
�" � ��#�� ��#+#��)

�� )
�+ &�
�" � ���U '#+ � V +�#�
) �&+�� �"�

2
G��HE3H�GDA V �GY3 AWG��GCF��5 �#��"�+����

"��# "�
������) �&+�� �"�� &+* �#(��� �+

�
�"��
'��
+ βH	ABAK
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7���"�� ���S�� ��/
("��� ��
�� �-&+*� )

 � �!!�&��� �-&+*� "� ��/
("���  � "�"�+-�

�-&+*�� "* &!�
$#+#��� ��� &!�
+/+
���

�-&�# &+* !��&+*#

?#���/�
+#�� ���
����( S��) ��� �!!( ���

&+!- "� �#����� &
������� �/�
 +���

L������
� �
)"� � "� �!$""�� &+*

*&+"��
�S+*# 2&�
� ��
��'5 &+!* +
/�" '
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7�� 0��"���) ��"����) "�� "*"�) ��� �-&�#

]!$""� ��/
("��# e ��� �!$""� �-&�# τ

;��"� �#��"�+���"�� �-&�# Γ 
 e : τ

.�
�0(!!+# �-&�# Γ1

�&���'#�"�  ���0!��$# x "� �-&+*� τ � &4�4

Γ = { i : int , z : real , f : int → int }

@�#'#�� �-&�#

Γ 
 e1 : int Γ 
 e2 : int

Γ 
 e1 + e2 : int
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O"�� LT  �� �!$""�  � ��!$"��� �-&�#

O"�� LU  �� &�
�!!��) ��� ����� �!$""��

"��# +&+�� +� ��!$"��� �-&�# &�
�!��&+#���

O"��  �� "*#(
��"� "0�"� ��+� �-&�#

2C3[A A	G��	A \��
CF��5 erase : LT → LU

P+ &
'0!� � ��� �<����)� �-&�#1

���+ �#��  ��� ��/
�"�� eU ∈ LU �

0
��  �� ��/
�"� eT ∈ LT ���+�� $"��

erase(eT ) = eU ���

Γ 
 eT : τ 2��� �(&+�� τ ��� Γ5
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L���1  ���"�� ���" '� �+* &
+0!) ��+�
? 
 e : ? "� �#� "-#+!+ E &+* &�
�����

�<�"$"��� �-&�#� &4�4

E = { α = β,

γ → α = (β → α)→ γ }

%# �+ E ���� !-"�� 0
�"�+* � Γ ��� τ ���+��

$"�� Γ 
 e : τ

6��/+
����( ��# *&(
�+*# Γ ��� τ ���+�� $"��

Γ 
 e : τ
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�4 �"�� inc : α→ β� ��!��) x : α ��� x + 1 : β

_4 &
�&�� x : int (
� α = int

�4 �'�� x + 1 : int (
� ��� β = int

`4 �&+ �#�� inc : int → int
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σ = [α �→ int , β �→ bool → α]

?/�
 +�) �#�����("��"�� �-&�#1 ��*�'�
+#�

���  �� /+
(

σ(α) = int σ(β) = bool → α

σ(β → γ) = (bool → α)→ γ

;-#��"� �#������"�("��# σ1 ◦ σ2 ��"� $"��

(σ1 ◦ σ2)(τ) = σ1(σ2(τ))
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 ��� �#�����("��"�� σ ��� �#'� �-&+* τ $"��

σ(Γ) 
 σ(e) : τ ��� �+ �
���' &�
�0(!!+# Γ
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 �� � 2�� �� � 2�� � 2/ � � � �� � ��

��! & �� � 2.� �� � 2+� � 23 � � % �
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%
���' &�
�0(!!+#1 Γ = ∅

%
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 � �1

Γb = { 
 : 
�→ 
�→ 
�, � : 
�→ 
�→ 
� }
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σ = [ 2� �→ int → int → int , 2� �→ int , 2/ �→ int ,

2. �→ int , 2+ �→ int , 23 �→ int ]
τ = int
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 �� � 2�� �� � 2�� � 2/ � � � �� � ��

��! & �� � 2.� �� � 2+� � 23 � � % �
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C = { 2� = 2�→ int → 2/, 2� = int ,

2. = int , 2+ = int , 23 = int ,

2� = 2.→ 2+→ 23, 2� = int }
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 E : τ ′ | C

.
'0!� � _1 �&�!*"� "*#'!+* &�
�+
�" $#
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2��FbA	5 ��� �+# &�
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�" ' τ1 = τ2 �# +� �-&+�

σ(τ1) ��� σ(τ2) ��*��S+#��� σ(τ1) ≡ σ(τ2)
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+ �-&+� τ = σ(τ ′)
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= �#+&+���)� σ ��#�� &�+ ��#��'� �&' �+# σ′

�# *&(
��� �#�����("��"� σδ ���+�� $"��

σ′ = σδ ◦ σ
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�#+&+���)� σ ���+�+� $"�� #� ��#�� &�+ ��#��'�

�&' �(�� (!!+# �#+&+���) σ′
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σ, τ ::= α | (σ → τ)

Z� → ��#�� ��<�( &
+"����
�"���'� &4�4

(α→ (β → γ)) α→ β → γ

@�#'#�� �-&�# dGH�G ��		3
(x : σ) ∈ Γ

Γ 
 x : σ

Γ, x : σ 
M : τ

Γ 
 (λx.M) : (σ → τ)

Γ 
M : (σ → τ) Γ 
 N : σ

Γ 
 (M N) : τ
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unify(∅) = σ0 {� ���� �������	
��
�}
unify({ τ1 = τ2 } ∪ C) =

if τ1 ≡ τ2 then
unify(C)

else if τ1 ≡ α ��� ��� ��
�������� 
�� τ2 then
unify([α �→ τ2]C) ◦ [α �→ τ2]

else if τ2 ≡ α ��� ��� ��
�������� 
�� τ1 then
unify([α �→ τ1]C) ◦ [α �→ τ1]

else if τ1 ≡ τ11 → τ12 ��� τ2 ≡ τ21 → τ22 then
unify(C ∪ { τ11 = τ21, τ12 = τ22 })

else
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