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. Baowxol tinou I i)
: = Yovtagn (exppdoeig) :
e x==n| —elegte| ...
| true| false| —e|eg ANes ...
| e <eylifetheneelsees | ...
= Aettovpyuer| enpaciohoyie (operational semantics) -
e Yxéon petdPoong s — s petagd
UTAGTAGEWY LG APNPTEVTC UMY AVTIG
o [ Ty TopATdve YADGGH EXPPAGEWY:

s I= €

Yuothuata TOTWY

= Optopds: Tuvtaxtxnés péfodol ToAVWYLRLXOY
XPOYOU Yla TNY TAGLYOUNGT TWY TUNUATWY VG
TPOYPAUATOG AVANOY A E TG TILEG IOV AUTR
vmoAoyilouy, pe oxomd va anodel§ouy Ty
anoucio OPLGHEVWY AVETUOIUNTKY
GUUTEPLPOP@Y KATA TNV EXTEAEGT| TOV
(Benjamin Pierce, Types and Programming Languages, 2002)

= Oewplol TOMWY: AAASOG TWY PAOMUATIXGDY, TNG
Aoyueig xar g QLlocopiog

= |copopgpiapég Curry-Howard: avtistolyia
petagld Bewplag ToMWY xal Bewplog anodellewyy

Baouxol tinot I (ii)

= Anotipnon
if true then (15 4 27) else (3 + 4)
— 15427 — 42

° e mola Gelpd yivovTal oL MPAgELg;
® éTE GTAPATA T) ATOTIUNOM;
= Tipég

v == n|true| false

YuoThuatoa TUTWY

= [316TNTEG OV AMopPEOLY AT AVTSHY TOY OPLGHS

e ‘Epgacn ctig YAOGGEG TPOYPAUUATIGLOY

e Y TaTXT) TPOGEYYLGT| TNG GUKMEPLPOPAS
EXTENEGTC TWY TPOYPUUUATHY

® Y UYTNPTTIXT AVTIPETOTLOT] AVETUOHIUNTWY
GUUTEPLPOPEY

if cuvB1en then 42 else cpdipa

® Y QAApATA TOTWY XATA TNY eXTEAEGT
(run-time type errors)

* Ac@dheia pLag YADGGAG TPOYPAUUATIGHLOY
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Baouxol tinoL I (iii)

= ) nupacie teAecToy
* Av ¢ xdmotog tehecTtig pe €va TEAOOHEYO,
tte [ o] : v — v elvaw M onpacia tov
Y. [~](true) = false
e Av o xdmotog teAectig pe 8o TeAolpeva,
téte [o ] v x v — v elvaw 1 onpacio Tov

wy. [+](15,27) = 42



Baouxol tonot
= Aettovpyur] onpactoloyia

ov — [ o ](v) if true thene; elsees — e

vy 0ovy — [ o J(v1,v9) if false then ey else e — ey
e—¢
oe — o€/

e — €} ey — €

e10ey — €joey V1 0 €y — Uy O €}

e—¢

if ethen e, else ey — if ¢’ then e; else ey

Baowol tiroL

= Asttovpyixi| onpactohoyia (cuvéyeLla)

° OedPNUA VIETEPUIVIGTIXTG AMOTIUNONG:
Ave — ¢ xaw e — " téte ¢ = ¢’

* Opiopdg: e efvan xavovint) poper) dtay dev
undpyet € tétola dote e — €

° Oedpnue: xdbe Tyt eivon xavovixn] popery

e 'Oyt avtictpoga! if 1 then true else false

e Oplopdg: e elva xoMUEYN oy efvou
xovovuer) pop@r| xwplig vau elvar T

Baowxol tiroL

= Aettoupyxt| onuacloloyia (cuvéyeta)

e Opiopdg: —* elvau To avahacTind xau
petafatind xAelcipo g —

* QPN LOVASIXSTITAG HAVOVIXGDY LOPPHY:
Av e —* u xot e —* o/, émov u, u’
xavovixég popepée, téte u = u’

o Oedpnpa xovovixonoinong (normalization)

1 TeppatTiGpol: Yo %dbe e umdpyel
xavovi| popen v tétola dote e —* u

= 3 %0md¢ GUGTHUATOG TOTKY: ATOPUYT
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Baowxol tinoL i) : - Baowxol tiToL iii) : - Baowxol tinot

= Yovtagn (tonot)

7 == Int | Bool

= Kavéveg TOTwY

= Mapaywyég tomwy (typing derivations)

15:Int 27 :Int 3:Int  4:1Int
15+ 27 : Int 3+4:Int
if true then (15 + 27) else (3 + 4) : Int

true : Bool

= 13161 Teg TOV GUGTHULATOG TOMWY (GUVEYELX)
* Ocdpnpa npoddou (progress):
Av e : 7 téte elte e elvan Tip, elte vndpyet
e’ tétolo Hhote e — ¢

n: Int true : Bool false : Bool = [316TNTEG TOU GUOTHULATOG TOTLY e Oedpnpa Statripnong (preservation):
e;:Int ey :Int e;:Int ey :Int ° @g({)pnp’a }J.O\’(X.SU((STT]T(XQ TUTLY Ave:Txue— e 1t e : T
er+ez:Int €1 < ez : Bool * OeHPMUA LOVASIHSTNTAG TAPAY LYY * Acpdheto = lMpbdodog + Atatipnomn
e - Int e, : Bool ey : Bool Av n éxgpacn e éxet t0mo, 1 anotiunct g

—e: Int

e : Bool e

e1 N ey : Bool

:Bool e :7 e:T

—e : Bool

if ethene; elsees :

. T .
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o Mppa avtiatpo@ig (inversion lemma):
Mé€6o8og xatacxevri TapaywyDHY THTO, T.Y.
>oav e < e T 1téte T = Bool,

. ﬁl : Int xou ey : Int
aydvag, N. Magaonigou, Mdeces Mpoypappatiopat I NoéuBprog 2007

11/78

dev umopel va xoArjoel




TOrol cuvoptHoewy
= A\-AoYLG6G e amhovg Timoug
= Y ovtagn (tomot, exgpdosts, TpéG)

T = | m—n

oz AxiTe]eren
v o= | AriTe
= Aettovpyuxr) onpactoloyia: call by value

e — €] ey — €

e1es — € ey V1 €9 — V1 €}

AmnAéc emexTtdoeLlg

= Tinog povédag Unit (rpPA. void otn C)

= Yovtagn (tonol, ex@pdosts, Tipéc)

T u= ... |Unit
e == ... |unit|eg;es
v o= ... | unit

= Aettovpyuxr onpacioloyio
e — €]

unit;e — e .
€1;62 — €1;62

TOrol cuvapthoswy

= Aettovpyixr) enuactohoyia: call by name

e — ¢€]

; Az :T.e)el — el := ¢
€16y — €162

= MeptBéMovta tonwy I': covora Levydv (z,7)

= Kavdveg TOmMwy I'ke:r
(x,7) €T Tx:thke:7
'kFx:7 'FXe:Te:7— 7

I'tey:7r—7 Tle:T

Fkeler: 7

Anléc enextdoeLg

= Kavdveg tOTwY
I'tep:Unit T'kFey:r

I' b unit : Unit
unt m I'kFeger:r

= Syntactic sugar: ce onpaclohoyia call-by-value,
7 axolovBiaxty anotipuneT propel va oplatel wg
Topary Spevn popt (derived form)

er;ea = (Ax: Unit.ey) eg pe = & FV(eg)

TOrol cuvoptHoEwy

= [316TNTEG TOV GUGTHUATOG TOHTWY
* Ocdpnpa npoddou (progress):
Av g e 7 téte elte e elvau tp, elte
undpyet € tétolo dote e — €
e Oedpnpa Satripnong (preservation):
AlTke:Txme —edtel'Fe 7

AnAéc emexTtdoeLlg

= AnéSocn ovopdtwy — Sopr let
= Yovtagn (exgpdoelq)
e u= ... |letz =ejiney

= Aettovpyuey onpactoloyia: call by value

e — €]

letz =ejiney — letx =€) iney
letz =vine — efz := ]
= Aettovpyuxr) onpactoloyia: call by name

letx = ejines — eafz := €]




Arm\éc emextdoelg

= Kavévog tonwy
ke :7
I'letx =ejines: 7

Dx:7'Fey: T

= Syntactic sugar: 7 Sop1 let pnopel va oplotel
G TapaySUevT) Lopr}, VTS Ty mpoindbecn dti
7 onpactoloyia e (call by value / call by name)
GUMPWVEL HE AUTH TWY GUVAPTHGEWY

letzx =ejiney = (Ax:7'.e5)ey

H analoigr| g Spwg yivetar fdoet tng
Topay wyfs TOnwY, Tpoxelpévoy va Ppebel o 7
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Zedym

= Kavdveg TOmwy
I'te:mm T'her:m
T'F (er,e) : 11 X 7o

I'kFe:m xmn
I'kFsnde:n

I'tFe:m xmn
I'Hfste:n

= Enextdostg twy {evydy
e Melddeg (tuples) (e1,..,en)
e Eyypagpég (records)

Zeiy
= YOvtagn (tomol, exppdoels)
T o= .| Xm
e == ...|(e1,e9) |fste|snde

= Tipég: mpdBupa Ledvym
v ou= ... | (g, v9)
= Aettovpyixt| onpactohoyio: mpdBupa Lelyn
fst (vy,v9) — vy snd (vy, v9) — vy
e—¢

snde — snd €’

e — ¢

fste — fst e’

Afpolopata

= Yovtagn (tonol, exppdoels)
T o= . Tm+n
e == ... |inle|inre| [eq, e9]
= Tipég: mpdBupa abpoicpata
v u= ... |inlo |inroe | [vg, v
= Aettovpyixt enpactohoylo: mpdhupa abpoicpata
[v1, 9] (inlv) — vy v [v1, 9] (inrv) — vo v

e — ¢ e — ¢

. ii e — inle inre — inre’ .
aydvag, N. Haraonigou, Théooss Mpoypappatiopot 11 Noéufprog 2007 23/78

Zebym
= Aettoupyxt| onuacloloyia (cuvéyeta)
ey — €

<U17 €2> - <1)1, 6/2>

e — €]

(e, €2) — (€], e2)

= Tipég: oxvnpd Ledym
v o= ... | (e, e2)

= Aettovpyuer] enpoacioloylio: oxvnpd edyn
fst (e1,e9) — €1 snd (e1, e9) — ey

e— ¢

: fs'i — fst e snde — snd ¢’ :
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ABpoloparta
= Aertoupye| onpacloloyia (cuvéyela)

e — €} ey — €

le1, e2] — [€], eq] [U1, €] — [v1, €3]

= Tipég: oxvnpa abpoicpata
v == ... |inle|inre | [ey, €]
= Aettovpyxr) onpactoloyie: oxynpd abpolcpata

[e1, €] (inle) — ey e [e1, €] (inre) — ege




ABpoloyata

= Kavdveg tOmMwy
I'ke:mn
I'tinle: 7 + 7

I'ke:n
I'Hinre:mn + 7

''cepom—717 The:nmn—rT
Tk le,e: (m+m)—T1

= Abpolopata xou povadixdtnta tinwy
= Enextdoelg twy afpolopudtey

e Mapahayég (variants)

o Evéoetc (unions), anaplbuficelc (enumerations)

Avadpoun

= [Mapadetypo: call by value

p = fix(A\f:Int — Int. An : Int.
ifn < 1thenlelsen x f(n—1))

p3 — (An:Int.ifn < 1thenlelsen xp(n—1))3
— if3 <1thenlelse3*p(3—1)
— if falsethenlelse3 xp (3 — 1)
— 3*p(3—1)
— 3x%p2

Avadpoun
= Yovtagn (exppdoelg)
e == ... |fixe
= Aettovpyn onpactoroyioa: call by value
fix(Ar:7.e) — e[z :=fix(Az: T.€)]

e — ¢

fixe — fixe'

Avadpoun

= [Tapddetypa: call by name

p = fix(\f:Int — Int. A\n : Int.
ifn < 1thenlelsenx f(n—1))

p3 — (Af:Int — Int. An : Int.
ifn <1thenlelsenx f(n—1))p3
— (An:Int.ifn < 1thenlelsen*p(n—1))3
— if3<1thenlelse3xp(3—1)
— if falsethenlelse3 xp (3 — 1)
— 3*p(3—1)

e

Avadpoun
= Aettovpyuxr) onpactoloyia: call by name
fixe — e (fixe)

= Kavévag tinwy

I'Fe:T— 1

I'kfixe: 7

Avadpoun

= Avadpopr| xat Gedpmua xavovixonoineng
w = fix(Az: Int. x)

= Amnotipnon: call by value
w — fix(Az:Int.z) = w

—_— P

= Arnotipnen: call by name
w — fix(Az:Int.z)
— (Az:Int.z)w

— W
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Avapopég

Avaspou‘r’) ...................... v (Vi Avacpopégv(i) ..... ..................................... v .(.... .....

11
= EuxoAdtepn civtagn: Sopr letrec : : = I'Ipo;ﬁ't)\wﬂ’még npo:ygappaucpég: = Kavoveg TORY
= Y ovtagn (exgpdoeiq) : : HETAPATTES X0 Xvabeom : : lFe:7 F'Fe:Refr
e u= ... |letreca = e ines : = Mvipn: Avagpopég (references) 1 Seixteg (pointers) - I'Frefe:Refr F'kEle:7
] Ka\)é\)ag TOTWY " ZOVT“ET] (T\jT[Ol, EX(PPaGSlC) I'tep:Refr I'kes:t
o rber T rbe : . T = ... |Refr : : I'F e :=ey: Unit
9 . T . T y . T T . N . N
I ]etlrecx =ejiney: T : € = . | refe ‘ le|ep :=eg = [Mapddetypo: call by value
: = MaporySpevn Lop@ = Aéopevon (allocation), anodeixtoddtnon : . let r = ref 6inlr = (r ==l + 1;Ir) :
: | . : (dereferencing) xou cuvevupio (aliasing) . : ' .
: etrecx = e i = . . ) : : . : . P . :
: reer = ertite L : : = YuloyT oxovudiédy (garbage collection) : : - Anoup:ncn xoact)\)\r]ksg THES Yio avapopee, :
: letx =fix(Az:7'.e1)iney : : : : aAoyT| GTOY OPLGUS TWY HATAGTAGEWY :
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Avopopég I (iii) Avopopég I (iv Avopopég I (v)

= ©foeig pyiung (locations) loc;, 6mov i € N = Acttoupyit) onpactoloyio (Guvéyeta)

= Aertoupye| onpacloloyia (cuvéyela)
= Mvfueg m : N — v, pepuée (partial) cuvapticeg !

. (e,m) — (/,m)) m(i) = v (e,m) — (¢/,m')
= YOvtogn (Tipés, eXPpAoEls, XATOGTAGELS) : : (le,m) — (le/,m) (
v ou= ... |log

Noc;, m) — (v, m) (refe,m) — (ref €', m’)

J = max(dom(m)) + 1
(ref v,m) — (loc;, m{j — v})

e u= ... |refe]|le| e :==e2|log
s == (e,m)

= Aettovpyxr) onpactoloyia
o Kdfe undpywy onpaclohoytnds xavévag g : : : Movt 516
popgfg e — ¢’ mpémet va petatpansi 61 : : (loc; :=v,m) — (unit, m{i — v}) : . OLAROYT) GXOLTIOLLY

. . , / / . . . . .
: vi poppn (e,m) — (¢/,m/) : . ' : : ' :
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e H apnpnpéyn pnyoavi tov ypnciponoteitot
= ¢,m') : . o1 Aettoupyxr) enuactoloyia dev xdvel




Avagpopég

= Kavéveg tomwy (cuvéyeta)
e Aev umdpyel xavévag TOTKY yia loc;

o Ae ypeidletan gTov eAeyxTh TONLY, ylotl
dev emtpénovtat loc; ota mpoypdppaTa

o Xpetdletou SUmG ylo T HEAETY TWY
oty g YADGGAg :
e Tonot pyvfiung M : N — 7, pepixég cuvapthioelg -
o Enéxtacn oxéong tonwy KMbEe:r
M@i)=r1
I'; M Floc; : Ref r
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E&alpéosig
= TMpdPAedn cCaupetindy mepintdoeny (exceptions)
= Yovtagn (exppdoeig)
e == ... |abort
= Aettoupyxt| onuactoloyia (call by value)
v abort — abort

abort e — abort

o Anautolvtan xavdveg ylo TNy TepLypapr] Tg
oaAATAETBPAGTG TWY ECAPEGEDY Pe Ta GAAA
XAPANTNPLGTNA TG YADGGAG

Avagpopég

= [316TNTEC TOL GUGTIHUATOG TOTWY

e Opopdg: I'Em - M Stay
dom(m) = dom(M) xa yio %680
i € dom(m) woydet I'; M F m(i) : M(3)

e Oedpnua npoddou (progress):
Ay @; M e 7 téte elte e elvan 1, elte
yia xdBe m tétolo Hote @ m @ M undpyel
(e/,m') tétolo Hote (e,m) — (¢/,m')

E&awpéoerg
= Kavdvog timwy
't abort : 7
= [316TNTEC TOL GUGTIHUATOG TOTWY
o ECoupéoelg xan povadidtnta tomwy
e Oedpnpa mpoddou (progress):

Av @ I e: 7 téte eite e elvou Ty, elte eivan
abort, eite undpyel e’ tétolo Gdote e — €

Avapopég

= [316tTeg TOL GLGTHULATOG TOMWY (GUVEYELL)
e Oedpnpa Satipnong (preservation):
Ay I’MEe:m,
'm: M xou
(e,m) — (e/,m),
6t LTAPYEL xdnolo M’ tétolo Hote

M C M
T'Em' : M xau
M be T

E&aipéoerg

= Xelpiopde e€aupéoewy (exception handling)
= ECaupéaoelg mou petapépouy TAnpopopio
= Yovtagn (tomot, exppdostc)
T u= ... |Exn
e == ... |throwe|trye; catches
= Aettoupyuxt| onpactoloyia (call by value)

(throw v) e — throw v v1 (throw vg) — throw vy

e—¢

throw (throw v) — throw v
( ) throw e — throw ¢’




E&aipéocig
= Aettoupyxr| onuacloloyia (cuvéyeta)

try vcatche — v try throw v catche — ewv

en — €

try e; catch eg — try e} catches

= Kavdveg TOmwy

I'Fe:Exn ket
'+ throwe : 7 T'Ftrye; catches : 7

I'tey:Exn— 7

Yrotinol
= Yovtagn (tonot)
7 u= ... |Top|Bot

= ) yéom umotimwy

T<iTy Top<IT:

'kr<:7 ! 22 3
T <! T3
T <: Top Bot <: 7

e H oyéon vmoténwy ahAnhemidpd pe toug
UTAPYOVTEG TUTIOVG TNG YADGGAG XATA

. Tti)\\'m)\oxo TpdMo :
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E&auwpéoeLg
= Mn)aviopés SopNpUéVLY oaALATwWY

= [opddetypo: memoization (oe OCaml)

let rec fib n =
if n <= 1 then n else fib (n-1) + fib (n-2)

let tbl = Table.create 101
let rec memo_fib n =
try
Table.find tbl n
with Not_found ->
let v =
if n <= 1 then n
else memo_fib (n-1) + memo_fib (n-2) in
le.add tbl n v; v

v, TAéooeg Mpoypappasiopos IT Nogugprog 2007

Yrotirou

= 3 ¥€GT) LVTOTUTWY: GUYAPTHGELG

< Ty <iTh

T o T <IT| — Ty
= ) yéom UTOTUTWY: eYYPAPEG
(i m|1<i<n+4+k)<(z:7|1<i<n)

(x;:71 ] 1 <i<n)petdBeon tov (2 : 7/ | 1 <i<n)

i

. ; . - .
T 1<i< : | 1<e<
(micm|1<i<n)y<:(a}:7/|1<i<n)

IR

T; <:T{ yio xde
(i |1<i<n)y<:{(z;:7/|1<i<n)

14/78

Yrotirou

= Y xéom unotinwy (subtype relation) T<7
O t0moc 7 eivaw vrotdmoc tov T dTay xdbe
éxgppacm tomov 7 Umopel va ypnoiponondel oe
pio Béom 6mou avapévetal £xgpact tomou T

= Kavévog timwy (subsumption)

'rFe:7 7<:7
I'kFe:7

= [Tapadeiypota

Nat <: Int <: Real
: Nat,y : Bool) <: (z:Nat)

Amvdsva;. N. I 5 Méooeg Moy 5 11 2007

Yrotirou

= Y Yéom UTOTUTWY: AVOPOPEG
T<17 T1T<7T
Ref 7 <: Ref 7/
= [lopddetypo: Sedopévov 6t Int <: Real, Sev
elvou eBuuntd Ref Int <: Ref Real, m.y.

(Ar : Ref Real. 7 := 3.14) (ref 1)
= [Tapadetypo: yprion Tov Bot
I' - abort : Bot




Yrotirou

= Tinot toprig (intersection types)
= Y Ovtagn (tonot)
T ou= T AT
= ) xéom umotimwy: TOTOL TOUTG
T<iT T <ITo
T<TI ATy

TI ATy <! Ty TI N\ To <: Ty

(T—=m)A(T—= 1) <:T— (1 AT)

= [opddelypo: UTEpPSPTWST TEAEGTHY
+ : (Int — Int — Int) A (Real — Real — Real)

YrotiroL

= Tinot évwong (union types)
= Yovtagn (tonot)
T o= ... |7mVn
= ) xéom LTOTUTWY: TUTOL EVWOTIG
T <!T To <! T
T VT <!T

T <:T1 VT To <:T1 V Ty
(m—=T)A(r—=7)<: (V7)) =T
(MAT)VT<:(mVT)A(2VT)

(MVT)AT < (I AT)V (T2 AT)

Yrotinot
= AvaBedipnon twy avapopdy: mnyég (sources)
xat urodoyeig (acceptors)
= Y ovtagn (tdnol)
T u= ... |SreT|AccT
= Kavdveg tOTwyY

I'Fe:Srcr
F'kle:r

I'ke :Accr They:T
I'F ey :=ey: Unit

I'Fe:7
I'krefe:Srer AAcer
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Avadpouixol tomoL
= [Toapddetypo: MGTeEG QUGIUADY OPLODY
list_Nat ~ Unit + (Nat x list_Nat)
= PoppaAlcuds: list Nat = pa. Unit + (Nat x )

= Ylomoinen teAectdy

nil_Nat list_Nat
= inlunit
cons_Nat Nat — list_Nat — list_Nat
= Mh:Nat.\t : list_Nat. inr (h, t)
length_Nat list_Nat — Nat

: . = fix(\f : list_Nat — Nat. A/ : list_Nat. .
. . ' [Mu : Unit. 0, Ap : Nat x list_Nat. 1 + f (sndp)]¢) -
7 52/78 aydvag, N. Manaonigou, Mhéaaes Mpoypappatiopat 1T NoéuBprog 2007 53/78

Yrotirou

= ) yéom umoTOWY: TNYég xaw unodoyeig
T < T
Acet < Ace 1’

T< 7
SrcT <: Sret’

= Syntactic sugar: Ref 7 = Src7 A AccT, ondte

Ref 7 <: Srer Refr <: Accr

Avadpouixol tomot

= [TpPAnpa: o mpomyoVpevog oplapds Sivel
nil_Nat : Unit + (Nat x list_Nat)
avtl Tov embuuntod
nil_Nat list_Nat
= Abon 1: icétTa Tomewy
po T <i Tloci= pa. )
Tla:=po. 7] < pa.T
= Abom 2: LGopopPLGSS TOTWY
(o 7) — Tl == pa. 7
Tl == pa. 7] — (pa. 7)

unfold,q. -

(equi-recursive)

(iso-recursive)

: | foldya.» - :
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Avadgourxol timou iii Avadpouixol timoL Avadpouxol timot
= |oo-avadpopixol timol (iso-recursive types) = Kavdveg Tomwy = [opddetypo: AMoteg QuaLX@Y aptBudy
= Y ovtagn (tomot, exgpdostg, Tpéc) T=pa.t The:rla:=17] st Nat = o Unit + (Nat x o)
R
T o= ... | o | pnoe. T : : I'rE fOIdT'(e) -7 nil_Nat : list_Nat
= ... | unfold,(e) | fold,(e) ' =po.t The:t7 : : = foldiis; Nat(inl unit)
Vo= oL | fOldT(U) . Tk unfoldT/(e) : T[Oz — 7_/] : cons_Nat : Nat — list_Nat — list_Nat

} , Ah : Nat. At : list_Nat. foldjisy_nat (inr (h, t))
= Aettoupyuxt| onpacioloyio

unfold, (fold,(v)) — v

length_Nat : list_Nat — Nat
fix (A\f : list_Nat — Nat. A\ : list_Nat.
[Au : Unit. 0, Ap : Nat x list_Nat. 1+ f (sndp)]
unfoldiiss Nat (€))

FO W W \ £

Avadpouixol timot 1) . IToAvpopyiowoés 2ng téd&ns (i ; . IloAvpopgLowés 2ng td&ng (il
= Avadpopuxol TOmoL %ot %avoyixomoinam = [Topddetypo: TauToTN] GUYAPTNG = [Tapddetypo: moAupop@Lés AaTeg
fiw, + (r—T) =T oo Vaoa—a e Tonog ctoyeiov Notag: o
T = Ao :

= AN:T—>T.

nil Vo pB.Unit + (a x )

Az (pa.a — 7). f (v2)) . = [Toapddetypo: c¥vhean GuyapTHGEWY . . = Aa.fold,s Unitt(axs) (inl unit)
(Az: (pa.a — 7). f(z2)) : : comp V. VG ¥y, : . cons : VYa.a— (pf.Unit + (a x ) —
diverge., T B=—=(a=pF)—a—ry : (- Unit + (o x B))
= fi, \z:T.x) : : = Aa.AB Ay : = Aa.Mhv:a At (pf. Unit + (a x §)).
) . o . . M :B—=7 X :a— B v f(gr) . . fold,5. Unit+(axa) (inr (h, t))
= ) yéom umoTiTWY: avadpopixol TmoL : :

Aa<dbr<7 : = Xprion autdy id [Nat) 42 e Xpfon: dnpovpyia Notag [42, 7]

AF pot <t pa. 7’ : comp [Real] [Int] [Nat] round abs (—41.87) ¢ pf.Unit + (Nat x )

. . . : . = cons [Nat] 42 (cons [Nat] 7 (nil [Nat])) :
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IToAvpopprouds 2ng tadng + (iii)
= Y Votnpa F 1 Fa 1) ntohupopeuedg A-Aoyiapéde
21 Tégng
= Y Ovtagn (tomot, exgpdostg, Tipéc)

T u= ... |a|Va. T
n= ... | Aaceler]
v o= ... | A
= Aettoupyixt Gnpacioloyia

e—e¢

(Aa.e) [1] — ela == 7] P

IToAvpopyLouds w-td€ng
= [Tapddetypo: moAupop@Lés Aateg

list = %= %

= Az pf8.Unit + (a x §)
nil Vo lista

= Ao« #. foldjigy o (inl unit)

cons : VYa:ix a— lista — lista
Aa i . Ah s a Mt list o foldyist o (inr (R, £))

length : Vo« lista — Nat
= Ao fix(Vf :lista — Int. A : list o
[Mu : Unit. 0, A\p : o X list a. 1 + f (snd p)]

ITohvpopyLowds 2ng Ta&ng
= [leptBaAdovia tonwy I cdvoha pe croryeia
* ™G popyric (z,7), 1
* TG pop@tig o
= Kavoveg tinwy

INake:7
I'kAa.e:Va. 7

FFe:Va. 1
Tkelr]:7la:=17

ITohvpopyLowds w-tdEng
= [Topddetypo
f @ Vmusx=x Vau*x a—ma)—
Vo« V3% (ax f) = (ma x mf)
= Amux=xAg: (Va*. a—ma).
Aa s AB o x Ap:ax (.
(9ol (fst p), g [B] (snd p))
= Xpfion g f
g
p

Aa i Az a. cons [o] z (nil [a])
f [list] g [Nat] [Bool] (42, true)

ITohvpopyLouds 2ng Tdéng
= Y Yotnpa F: impredicative mtoAvpopiopdg
= impredicativity: o tdnog T 610 e [7] pnopsi va
elvou ToAvpop@Ldg
= predicativity: o Tonog T 670 e [T] Tpémel va eivon
povopop@Lxdg
= impredicativity = undecidable type inference

= let-polymorphism / monomorphic restriction
oty ML xou ev yével 6TIg YADGGEG pe type
inference xou cOctnua tonwy Hindley-Milner

Amvdxva;. N. I 5 Méooeg Moy 5 11 2007

IMohupoppLopwds w-TdEng
= Y Votnua Fy,

= Y Ovtagn (eidn, tonol, exppdoetg, Tipéq)
K = % | K1 = Ko

B

t= L |a|Vark T Aa kT | T
e u= ... |Aa:k.e|elT]

v o= ... |Aa kv
= Aettoupyuer| onpactoloyia (exppdoetg, tomol)

e—¢

(Aa i k.e) 1] — e|a == T] m

63/78



ITohvpopyLouds w-Ttdgng
= [lepipdAiovta témwy I': cdvola pe ctolyeia
* G popes (#,7), 1
* G poppis (o, k)
= Kavéveg tomwy (torot)

ITolvpoppLopwds w-tdEng

= [cédtnTa onwy: wg T = 7’ opiletal 1) oxéon
tgoduvapiog mov TPoxVTTeL AN T1 HETATPOTY
onwy 7 — 7’

= Kavéveg TOmmy (exppdoets)

Yropiaxol tonot

= Y Ovtagn (tomot, exgpdostg, Tipéc)

T o= ... | Jak

e ... | pack(a

openeas (a

T

tk=Te:7)

R,z T)ine

Thkrux Tz:thke:7 F'kep:7r—7 Tley:7
(a,k) €T i ! 2 v = ... |pack(a:k=T,0:7
Tran I Nat :: T+ Bool :: TFozire ro7 TFeieyir |p ( : )
. . ,
Pkmux Dhrmox DoaskbTox Dazkbe:r Thte:Vaur o TrEror Aertovpyuxr) onpacioloyia
TFAa:k.e:Vauk T Trelr]:a:=1] open pack(a :: k = T1,v: 7 )as(a/ = K, x: 7" ine

'k — 1o I'FVa:k 7%
TaukbTuk T'trmuk=r Thrknik
T'kXa: Thrmak

Yrop&raxol tonol

= Aertoupye| onpacloloyia (cuvéyela)

e—¢
pack(a i K =T,e:7') — pack(a s k= T,¢' : 7')

e — €}

openej as(a :: k,z: T)iney — openejas(a K,z :7)iney

= Kavéveg timwy (timol)
TNackbET7ox
'kda:k 7o

Fbrux 7=1
Tke:7

I'Fe:T

Ynop&raxol tonol
= Kavéveg tommy (exppdoeig)

I'trek Tre:ta:=7]
I'kpack(azk=me:7):3Ja k. 7

'te:Jauk 7t Taurkz:The: 7

I'topeneas(a: k,x:7)ine : 7/

D7k
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— el == 7]z =]

Yrop&raxol tonol

= Mopdderypo: poég (Amelpeg Moteg)

stream :: *x = %

=dazx3ABux fx((0—a)x(8—0))

even : stream Nat

= pack(f :: * = Nat,
(0, (An : Nat.n, An : Nat.n + 2)) :
B> ((8 — Nat) x (6 — 5)))




Yropiaxol tonoL I (v) Yrop&laxol tinot I (vi) : . ECoptduevol tinoL I (i)
= opddetypo (cuvéyeta) : = [Mapddetypa (cuvéyeta) : = [opddetypo: AMoteg GUYXeXpIUéVOL prnoug
elem : Vo :: x. streama — Nat — a . . strNatRep = py. Ref (Nat x (Unit — 7)) . . list = %= Nat= x
= A« % As : stream av. . : getData : strNatRep — Nat . . = Aok An: Nat.
opensas(3:*,i:3x ((f—a)x (83— F)))in . = Ar : strNatRep. fst (lunfoldsNatrep (7)) . if n = 0 then Unit else o x list (n — 1)
fix (\f : B — Nat — a. Az : 8. n : Nat. : : getNext : strNatRep — strNatRep : nil Ve x lista0
. . . . = . | " ‘ h '
ifn = 0 thenfst (snd i) z . . = Ar : strNatRep. snd (nfoldsrNairep(r)) unit cons : Yk In:Nat. o — listan — lista (n + 1)
else f (snd (sndi)x) (n — 1)) (fst4) : . strBvenRep : strNatRep : : , o, , ,
Yot : : = fix (Af : Nat — strNatRep. An : Nat. : : = TUmol mov eCoptdvTal and expPAceLg
° . . i
Pmen : : foldsirNatep (ref (n, du : Unit. f (n +2))))0 o Tomol pe mopdpLetpo Exgppacn PUEE

. : even’ : stream Nat : . , < . .
elem [Nat] even 42 : : _ pack(3 5 « — strNatRep, : : * Torog eZuptipevng ouvdptnong  Tla : 7. 7/

(strEvenRep, (getData, getNeat)) :

: . . B x((8 — Nat) x (8 — 5))) . : :
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E&aptduevol tinoL i E&aptduevol tinol 111 E&aptduevol tinoL v
= Yovtagn (sidn, tonol) = Kovéveg tomwy (tomot) = O x0Pog tou Barendregt F, cc
- Thrux Ta:rhkr ox Do:tk7 ok 3 ‘ /
o “.lT:>H : : Pz 7 7% Tk Xe:7.7 7=k : : Yrpvnpo F/ N
T o= | e 7| Xeir.7 | Te . . . - exgphoes, O tdmol 2
. : Fbrour=k Thre:7 . :
| if ethenr elsem : ITFreun : @)
= Syntactic sugar: 7 — 7' = Hz:7. 7 = Kavéveg tomwy (exgpdoelg) ©.0) /. /.
v ¢ FV(T/) (P’T] ECAPTAHUEYN GU\’aPTTIGTI) Fz:rtke:r Hz:7 7' ux : : /
. TEXe:re: a7 7 : T (%,%) (+,0) As — LF

The:Mlz:7.7" Tke:7T : :
Tkee :7mz:=¢] . « Ny (O,%): exgpdoeig mov egaptdvton and Tonovg
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